ABSTRACT In vehicular networks, the interference is brought about by the rapid growth of various services due to the scarcity of radio resources, which poses great challenges for the network connectivity. Unlike the connectivity that is solely determined by the signal strength or the distance between pairwise vehicles, the connectivity considered in this paper is influenced by the interference among multiple links. To improve the network connectivity by interference mitigation, a connectivity optimization problem based on resource allocation is modeled using graph theory. First, the definitions of the connectivity metrics affected by interference in the vehicular networks are given. Second, the number of resources that guarantee the network connectivity is analyzed. Finally, a resource allocation algorithm based on the minimum spanning tree is proposed to improve the network connectivity that is constrained by limited resources. The simulation results confirm that the proposed algorithm approximates the optimal performance and improves the connectivity better than similar algorithms.
proper resource allocation, the signal transmitted between two connected vehicles will worsen or even fail if interference occurs.
To improve the connectivity of vehicular networks, interference mitigation is of importance. As a key technology of interference management in vehicular networks, resource allocation has attracted increased attention [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The optimization objective in [15] [16] [17] [18] was the maximization of the network throughput. A resource allocation scheme based on the graph theory was proposed in [15] to mitigate the interference among the links of microcell users and vehicle users. To deal with the interference in device-todevice (D2D) vehicular networks, [16] and [17] considered a robust resource allocation to adapt the channel variations. The work in [18] proposed an underlaying resource-sharing mode, where two graph-based resource allocation schemes were proposed to achieve near-optimal performance and reduce the communication overhead respectively. The works in [19] and [20] reduced the delay in vehicular networks. The Lyapunov optimization was used in [19] to reduce the re-allocation rate and guarantee the delay of each vehicle. The problem of delay minimization in [20] was modeled as a maximum weighted independent set problem. The works of [21] and [22] focused on improving the communication quality of vehicular users. An iterative algorithm was proposed in [21] based on graph theory and considering the interference relationship. An approximate solution based on the dual decomposition method was used in [22] and combined the selection of the access mode to suppress the network interference. The work in [23] clustered the users into zones and used matching game to allocate the resources to users within each zone, which provided a tradeoff between the service delay and the successful transmissions. A scheme to support inter-vehicle communications in a multiplatooning scenario was proposed in [24] . Although many studies have focused on resource allocation in vehicular networks, the improvement of the connectivity based on interference mitigation by resource allocation has not been considered.
In this study, the connectivity optimization problem is investigated with regard to vehicular network interference. Resource allocation is used to mitigate the interference to improve the network connectivity. Since the optimization problem is non-deterministic polynomial-time hard (NPhard), a solution based on the graph theory is proposed. The contributions of this study are summarized as follows:
1) Unlike the connectivity that is solely determined by the signal strength or the distance between pairwise vehicles, this study takes into account the effect of the interference on the connectivity for multiple links. 2) To measure the network connectivity for different resource allocation matrices, we provide the definition of the resource allocation-related connectivity metrics affected by interference based on the graph theory.
3) The number of resources that guarantees the connectivity of the network is obtained based on the analysis of the interference graph. 
4)
To improve the connectivity under the constraint of limited resources, a resource allocation algorithm based on the minimum spanning tree (MST) is proposed. The remainder of this paper is organized as follows: Section II provides an overview of the system and the model of the network. Section III formulates the optimization problem of the interference-aware resource allocation for connectivity improvement. Section IV proposes a suboptimum solution based on graph theory. Section V analyzes the complexity and performance of the proposed algorithm. Section VI provides the simulation results of the proposed algorithm. Finally, Section VII concludes the paper.
II. SYSTEM OVERVIEW AND NETWORK MODELING
In this study, we consider the vehicular network in which the vehicular users (VUs) share resources. Let K = {1, 2, ..., K } be the set of orthogonal resources. A roadside unit (RSU) is deployed along the road and the VUs communicate with the RSU wirelessly. It is assumed that all VUs are located in the coverage area of a single RSU. The wireless transmission of the VUs uses the D2D mode where resources are allocated by the RSU. Each link uses one resource and one resource can be shared among multiple VU pairs, which results in network interference. The considered scenario is shown in Fig. 1 .
As shown in Fig. 1 , the distance between VU i and VU j is denoted by d ij and the wireless transmission range is denoted by R. Given a vehicular network with V VUs, the network connectivity can be modeled as a link graph G (V, E), where V and E are the sets of the vertices and edges, respectively. Each vertex v ∈ V represents the VU and each edge e ij ∈ E indicates that there is a link between VU i and VU j. The definition of the edge in the link graph can be represented as e ij ∈ E, if and only if d ij ≤ R. Then the link graph corresponding to Fig. 1 can be obtained as shown in Fig. 2 . The number of VUs and links in the vehicular network is denoted as V = V and E= E , respectively.
Let G V , E represent the subgraph consisting of the set of vertices V ⊆ V and the set of edges E ⊆ E and let G V denote the subgraph induced by the set of vertices V ⊂ V. For each subgraph G , the set of vertices and edges are represented as V G and E G , respectively. In the graph theory, the graph G is connected if there is a path between Definition 1: In this study, the two links e ij and e i j have interference in the following two cases. In the first case, the links e ij and e i j have the same VU, i.e., the two links e ij and e i j are adjacent in G. In the second case, there exist at least one VU of the link e ij that is in the transmission range of the VUs of the link e i j . Then the interference relationship index between the links e ij and e i j , which is denoted by I e ij e i j , can be represented as follows:
The interference matrix denoted as I consists of all the interference relationship indices between every two links. The row and column correspond to the links of the network, i.e., the edges in G. Without loss of generality, the edges are sequenced in lexicographical order. For example, the elements of the row and column in I corresponding to Fig. 2 are e 12 , e 13 , e 14 , e 23 , e 24 , e 25 , e 34 , e 56 in sequence. As shown in Fig. 2 , the interference matrix I can be derived according to the Definition 1 in Eq. (1) as follows: 
The set of edges that interferes with e ij is denoted as I e ij = e i j I e ij e i j = 1 . According to the definition of the interference relationship index, the two edges that are incident to the adjacent vertices are interfering with each other. i.e., if if e ii ∈ E, i ∈ V e ij , i ∈ V e i j , I e ij e i j = 1. Therefore, the interference set I e ij of edge e ij is the union set of the following two sets. The first set is the set of edges that is adjacent to e ij , denoted as I 1 e ij = e i j V e ij ∩ V e i j = ∅ . The second set is the set of edges that is incident to the adjacent vertices of e ij , denoted as I 2
. Given the topology of vehicular networks, the link graph and interference matrix can be uniquely determined.
Property 1: If the two edges e ij and e i j belong to different components, the interference relationship index I e ij e i j = 0.
Proof: The reductio ad absurdum can be used to prove this property. Assume that there are two edges e ij and e i j belonging to different components and the interference relationship index I e ij e i j = 1.
Because I e ij e i j = 1, as defined by the interference relationship index, we can derive that either the edges e ij and e i j have the same VU or that there exists at least one VU of the edge e ij that is in the transmission range of the VUs of the link e i j .
In the former case, the edges e ij and e i j are adjacent; therefore, they are in the same component. In the latter case, without loss of generality, we assume that the VU i is in the transmission range of the VUs i and then we can derive that e ii ∈ E. Both cases are contrary to the fact that the two edges e ij and e i j belong to different components.
Hence, we complete the proof. In wireless communication networks, a signal affected by interference is either confused or even fails at the receiver. Therefore, the interference has an impact on the information transmission of the vehicular networks. Resource allocation is one of the key approaches to interference management and mitigates the interference among the users by the assignment of orthogonal sub-channels. However, constrained by limited spectrum resources, not all transmission links can be allocated by the resource without interference in dense networks. The two connectivity graphs corresponding to two different resource allocations for the links in Fig. 2 are shown in Fig. 3 , where we assume that there are four available spectrum resources in the network. We find that the network in Fig. 3(a) is connected. In contrast, the network in Fig. 3 (b) is unconnected and consists of two components,
Therefore, we find that the network connectivity is determined by the resource allocation when the topology of the network is given.
Let X = x k e ij with a size of E × K denote the resource allocation matrix, which is defined as:
Each row vector in X denoted as x e ij is the resource allocation vector for the link e ij and the resource allocation vectors for the links in c m are picked up to comprise a submatrix X c m . To represent the different connectivity performance induced by the different resource allocations, we define the potential connectivity and the resource allocation-related connectivity respectively.
Definition 2: Potential connectivity of VU i and VU j. The VU i and VU j are said to be potentially connected if there is a link e ij ∈ E. The potential connectivity is influenced by the topology and the elements of the information transmission decline, which is independent of resource allocation. To mitigate the interference in the network, the two potentially connected VUs will be disconnected if the link e ij cannot be allocated.
If the links are allocated with the resource in the resource allocation matrix X, the edges allocated with resource are said to be active, which can be represented as E X and the vertices that are incident with the edges in E X are denoted as V X . Then the active subgraph induced by E X and V X is G X V X , E X . To the component c m in G, the sets of active vertices and edges under X are represented as V X (c m ) and E X (c m ), respectively. Then the subgraph consists of V X (c m ) and E X (c m ) is denoted as G V X (c m ) , E X (c m ) . As the connectivity is related to the resource allocation, it should be noted that the component c m , which is connected to G, does not guarantee the connectivity of G V X (c m ) , E X (c m ) , i.e., the subgraph G V X (c m ) , E X (c m ) can also be connected or unconnected. For example, the link graph in Fig. 2 is potentially connected, however, the graph in Fig. 3(a) is connected and the graph in Fig. 3(b) is unconnected. For the unconnected induced subgraph, the set of components in
Definition 3: The X connectivity index of component c m , denoted as CI X m , is defined as the ratio of the number of vertices of the max component in C G(V X (c m ),E X (c m )) to that of c m , where the resource is allocated to the edges with X in G, which is computed as:
According to Definition 3, it is found that CI X m represents the maximum communication range of the VUs in c m when the VUs are allocated resources with matrix X. If CI X m = 1, we call the component c m to have attained full connectivity (FC). In particular, if a component c m is an isolated vertex, then CI X m =0 for ∀ X. Definition 4: The X connectivity index of the network G, denoted as CI X , is defined as the average value CI X m of all the components in G when the resource is allocated to the edges in G with X:
According to the Property 1, it can be derived that if G is an unconnected network, the resource allocation to the edges is independent of the different components. Therefore, for each component c m , CI X m is determined by X c m . Then the CI X can obtain the maximum value under X if and only if each component can obtain the maximum value of CI X m under X c m . From the definition of CI X , we can find that CI X ≤ 1. If all the vertices are active except for the isolated vertices, the connectivity of the link graph G under the resource allocation matrix X attains the max connection (MC). Therefore, it can be found that the link graph G attains the MC if and only if each component c m with size larger than one can attain FC.
As shown in Fig. 2 , according to the Definition 2, all of the two adjacent vertices are potentially connected. Because there is one component in the link graph, c = G (V, E), the connectivity of the component is identical to that of the network. As shown in Fig. 3(a) , there is one component in the active subgraph and according to the Definitions 3 and 4, it follows that CI X 1 = 1. In contrast, as shown in Fig. 3(b) , there are two components in the active subgraph, c
and c
, respectively, where
= {e 12 , e 13 , e 23 , e 24 }, V X 2 2 = {v 5 , v 6 }, E X 2 2 = {e 56 }; therefore, we can obtain CI X 2 = 2 3 . A summary of the mathematical notations used in this paper is represented in Table I .
III. PROBLEM FORMULATION
The interference-aware resource allocation problem P for connectivity improvement can be modeled as follows: 
The objective of the optimization problem P is to maximize the network connectivity. Constraint 1 guarantees that each link can obtain one resource at most. Constraint 2 guarantees the interference mitigation of the conflict links. Constraint 3 ensures that all the elements in the resource allocation matrix are 0/1 variables.
The optimization model P is a binary combinatorial optimization problem that is NP-hard. There is no algorithm with polynomial complexity to obtain the optimum solution and a brute force search for all the possible choices of x k e ij will incur an exponential computational complexity. Therefore, in the following section, a low-complexity solution framework is proposed to obtain the suboptimal resource allocation solution.
IV. THE SUB-OPTIMUM SOLUTION BASED ON GRAPH THEORY
From the point of view of the graph theory, the proposed optimization problem is to maximize the connectivity of the network by coloring the edges subject to the mitigation of the interference among the links. The resource allocation problem in wireless communication networks has been extensively researched using the graph coloring problem and its variations [25] . However, unlike in the existing coloring problems, the objective of our resource allocation problem is to maximize the connectivity of the colored graph. For example, as shown in Fig. 3 , the number of colored edges in Fig. 3(a) is equal to that in Fig. 3(b) ; however, the connectivity is better in Fig. 3(a) than in Fig. 3(b) .
1. Analysis of the number of resources K when G attains the MC
In this section, we analyze the minimum value of the number of resources denoted as K G when G attains the MC. From the definition of CI X , it is evident that the maximum of CI X when CI X m = 1 for each component c m with size larger than 1 according to X. We denote the minimum value of the number of resources as K c m when CI X m = 1. Then we can derive that K G = max m K c m . As the resource allocations for different components are independent of each other, without loss of generality, we determine the minimum value of K when CI X m = 1 for the component m. From the definition of CI X m , we can derive that CI X m = 1 when
The edge cover of a graph G is a subset of edges E G cover ⊆ E that covers all vertices in G, that is, ∀v ∈ V, ∃e ∈ E G cover , such that v is incident with e. In a connected graph G, if the subgraph induced by E G cover is connected, the edge cover E G cover is called the connected edge cover, denoted as E G cover . The connected edge cover of c m is denoted as E c m cover . Then we can derive Property 2 as follows. 
which is contrary to CI X m = 1. Hence, we complete the proof. To allocate the resources to mitigate the interference, it is needed to represent the interference relationship among the edges. Hence, for the edges in a link subgraph G , the interference graph G G I = (V I , E I ) is constructed. Each vertex v e ij ∈ V I represents the edge e ij ∈ E(G ). Without loss of generality, the edges in G are sequenced in lexicographical order. Each edge v e ij , v e i j ∈ E I represents that there is interference between the vertices v e ij and v e i j . Due to I e ij = I The chromatic number χ (G) of G is the minimum number of colors used to color G. Therefore, K G can be determined by χ (G). The degree of v is the number of the edges that are incident with v, which is denoted as d (v). The maximum degree of graph G is the maximum degree of vertices, which is denoted as (G) = max i d (v i ). In graph theory, there is the conclusion χ (G) ≤ (G) + 1 [26] . In graph theory, the spanning tree of the connected graph G is the connected subgraph including all vertices of G without a loop. The MST T G of G is the tree with the minimum sum of the weights of the edges. Prim's algorithm is a commonly used method of MST, in which the vertices are added one by one based on the selection of the edge with the minimum weight [26] . To decrease the number of resources that have to be allocated to the links, it is beneficial to decrease the maximum degree in the interference graph corresponding to E cover . Then we propose an interference-aware resource allocation algorithm based on the MST for connectivity improvement (RAM algorithm) under a fixed K . The set of edges that are adjacent to edge e ij in G is denoted as adj G e ij . The edge that cannot be allocated with any resources is out of service, which consists the set denoted as E off .
The proposed algorithm is provided in Algorithm 1.
Algorithm 1 RAM Algorithm
Input: Link graph G, set of resources K; 1: Initialization: Allocation matrix X = 0, the set of resources that can be used for each edge K e ij = K 2: Determine the set of components C G of G 3: for each c m ∈ C G do 4: Initialization: the set of edges that are allocated to resources E active = ∅, the set of dropped edges E off = ∅, and the set of unprocessed edges E unprocessed = E (c m )
5:
Calculate the weight I e ij of each edge e ij ∈ c m 6:
Adding the edge with the minimum weight to E active 7: if E unprocessed = ∅ then 8: Find the edge e ij ∈ adj (E active ) in E unprocessed with the minimum of I e ij and then allocate resource k ∈ K e ij to e ij , i.e., x k e ij = 1 9: for each edge e i j ∈ I e ij in E unprocessed do 10: Update K e i j = K e i j /k 11: if K e i j = ∅ then 12: X e i j = 0 13: end if 14: end for 15 :
go to step 7 17: end if 18 : end for Output: Resource allocation matrix X In the RAM algorithm, the allocation matrix is first initialized (step 1). All components in G are presented (step 2). As proved previously, the resources can be allocated for each component independently. The resources are allocated to each component (steps [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The set of edges that have been allocated with resource, the set of edges that cannot be allocated with resource, and the set of unprocessed edges are first initialized (step 4). Then the weight of each edge is calculated (step 5), where the edge with the minimum weight is first selected to be added to E active (step 6). If there exists an edge that has not been processed (step 7), the edge e ij with the minimum weight in the adjacent edges of E active is allocated with the resources k in K e ij (step 8). To mitigate the interference, the edges that interfered with the edge e ij cannot use the resource k. Then the set K e i j of e i j ∈ I e ij in E unprocessed is updated, i.e., K e i j = K e i j /k (steps 9-14). An edge is out of service if no resource can be used. At the end of each iteration, the sets E active , E off , and E unprocessed are updated (step 15).
V. COMPLEXITY AND PERFORMANCE ANALYSIS
A brute force search can obtain the optimum solution; however, it incurs an exponential computational complexity up to 2 EK , which is unachievable except in very small-scale networks. In the proposed RAM algorithm, the complexity of the list of all the components is O V 2 . For each component c m , the calculation of the weight of each edge and the sequencing have a complexity of O E (c m )
2 . The complexity of selecting edges with the minimum weight and updating the corresponding sets is O E (c m )
2 K . Therefore, the proposed RAM algorithm has a polynomial complexity.
In the proposed RAM algorithm, to expand the active subgraph with decreased complexity, the weight of the edge, i.e., the number of interfering edges is the selection criteria of the edges. Therefore, the selection of edges is limited by locality, which will result in a performance loss compared to the optimum solution.
VI. SIMULATION RESULTS
In this section, we show the simulation results. First, we evaluate the gap between the optimal solution and the sub-optimal solution of the proposed RAM algorithm. Second, we show the connectivity improvement of the proposed RAM algorithm compared with the other schemes.
A. THE GAP BETWEEN THE OPTIMAL SOLUTION AND THE SUB-OPTIMAL SOLUTION OF THE PROPOSED RAM ALGORITHM
To obtain the optimal solution using a brute force search, we consider a static small-scale network. A 100-m long twoway four-lane road is used in this part of the simulation. The number of resources is 2. The vehicles are uniformly distributed on the road. Fig. 4 shows the gap between the optimal solution and the sub-optimal solution of the proposed RAM algorithm. It is evident that when the number of vehicles V ≥ 4, the network connectivity indices decrease for both algorithms with the increase of V . This is due to the fact that the interference increases as the network becomes increasingly dense and the links that can be allocated with resources are constrained by the limited resources. In addition, it is found that the network connectivity index of the optimal solution is larger at V = 4 than at V = 3. The reason is the existence of isolated vertices when the network is very sparse, i.e., the potential connectivity of the network is low when the network is very sparse. Fig. 4 indicates that the proposed RAM algorithm achieves a performance of at least 82.9% for the corresponding parameters. The reason for the performance loss is because the selection of the edges according to the degree in the interference graph is based on a local approach.
B. THE PERFORMANCE OF THE PROPOSED RAM ALGORITHM
The road model considers a two-way four-lane road. In each lane, the arrival of the vehicles is assumed to be a Poisson process, where the arrival rate is denoted as λ. The velocity of each vehicle is constant and the velocities of the vehicles are uniformly distributed between the minimum and maximum value. The parameters are listed in Table 2 . The time duration of each simulation is 1000 s. Fig. 5 shows the performance of the proposed RAM algorithm, the random algorithm, and the greedy coloring algorithm for different vehicle arrival rates (λ). In the random algorithm, the resources are allocated to the links with a certainty probability p. In comparison, in the greedy coloring algorithm, the resources are allocated fully to the links under the consideration of interference mitigation. Fig. 5 shows that the network connectivity of the proposed RAM algorithm is better when the number of resources is K = 6 than K = 3. The same is true for the other two algorithms. This occurs because more links can be allocated when there are more resources in the network. When the arrival rate of the vehicles VOLUME 6, 2018 is small (λ ≤ 0.2), the connectivity of the proposed RAM algorithm increases with the increase of λ because the potential connectivity of network is low when the network is very sparse. At λ > 0.2, the connectivity indices decrease with the increase of λ for all the algorithms because as the network becomes denser, the interference increases and many links cannot be allocated with resources. The random algorithm results in better connectivity for p = 0.5 than for p = 0.1 only when λ = 0.1 because in a sparse network, a higher p results in a higher efficiency of resources. However, in a dense network, a higher p leads to more resource allocation conflicts. Fig. 5 indicates that the proposed RAM algorithm provides an improvement in the connectivity compared to the other two algorithms. There are two reasons; first, compared with the random algorithm, the interference mitigation is considered. Second, compared with the greedy algorithm, the MST method is used in the RAM algorithm, the links with lower interference are allocated with priority and the resources are allocated as the extension of the active network. Fig. 6 shows the percent of the FC components for different vehicle arrival rates. The results show that the percent of the FC components decreases with the increase of λ. This occurs because the network becomes increasingly dense and the interference increases. In addition, we find that the percent of the FC components is similar for the RAM algorithm and the greedy coloring algorithm. Therefore, the improvement in the connectivity is higher for the RAM algorithm than the greedy algorithm with regard to the effects on the non-FC components. Figs. 7 and 8 show the average size of the components and the number of resources needed for the MC network respectively for different vehicle arrival rates. Both the average size of the components and the number of resources needed for the MC network increase with the increase of λ. This is attributed to the increase in the network density. Fig. 8 indicates that the number of resources needed for the MC network increases approximate linearly with the increase of λ. Fig. 9 shows the average number of components for different vehicle arrival rates. It is can be found that the average number of components decreases with the increase of λ and when λ ≥ 0.35, the average number of components is nearly equal to 1. Fig. 7 and Fig. 9 demonstrate that as the network density increases, the number of more dispersed small components comprise the giant ones. It is can be found that the average number of FC components is decreasing with the increase of K c m when λ = 0.1, whereas the opposite is observed when λ = 0.15. This occurs because the size of the components is increasing rapidly with the increase of λ, which is shown in Fig. 7 . Because a component with K c m ≤ K is an FC component in the optimal solution, the optimal value of the number of FC components can be obtained based on the statistic of the number of components for different K c m . As shown in Figs. 7 and 9, the number of components decreases to about 5 when λ = 0.2 and the average size of the components is about 50 when λ = 0.2; thus we compare the optimal value and the value in the proposed RAM at λ = 0.1 and λ = 0.15 respectively. Fig. 11 shows one of the realizations in the simulation. It is can be found that the number of FC components changes over time. This occurs because the number and locations of the vehicle users are dynamic. Figs. 10 and 11 indicate that the proposed RAM scheme approaches the optimal value of the number of FC components.
VII. CONCLUSION
In this paper, we provided definitions of resource allocationrelated connectivity metrics to represent the constraint in connectivity as a result of limited resources in an interference network. Then we modeled a resource allocation problem to mitigate the interference and improve the connectivity. A resource allocation algorithm based on the MST method was proposed to solve this problem using a low-complexity approach. The simulations results showed that the proposed algorithm effectively improves the network connectivity. Considering the control-signaling overhead, the scheme of connectivity improvement with reduced information exchange will be investigated in a future study. 
